ADVANCED PLACEMENT CALCULUS AB

The Second Fundamental Theorem of Calculus

-In all the definite integral examples we've done so far we've had the bounds
be defined as constants from a to b.

jf(x)dx

a

-In a different situation there might also be a need to make the upper limit
of integration be variable as opposed to a finite number.

X

Fx)=J£(t)at

a

-Take note how “little f" is a function of tbut the resulting "big F" is a
function of the upper limit of integration, x.

Example

Evaluate -X[cos(f)df at x = O,n/6,7r/4,7r/3,7r/2.

0

-One way to do this would be to do five separate integrals one for
such of the upper limits.

-However, if we treat x as a constant to start with we obtain a much
simpler solution:

jcos(f)df - sin(fﬂ

0

= sin(x) - sin(O) = sin(x)

0

-Now using F(x) = sin(x) you can obtain:

F(o)= O,F(%J - %F[%} - %F[%} - éF[%J _1
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ADVANCED PLACEMENT CALCULUS AB

-You can think of this action of evaluation the area under f(f) = cos(f) from

t =0 to t = x as accumulating the area under the cosine curve from

[0.7/2].

-The interpretation of the integral as an accumulation function is often used
in applications of integration.

-As with other integration we can check the result of our work by
differentiating the result.

dixsin(x) = (oS = (x) Icos(f) dt

-Note that this is the same thing as our original problem with the
variable now a x instead of a .

-This leads to a Second Fundamental Theorem of Calculus.

-If fis continuous on the open interval I containing a, then for every xin the
interval,

Example

Evaluate diljxlfz +1 df]
X 0

-Since V12 +1 is continuous we can use the Second Fundamental Theorem of
Calculus and write

[T 2 +1 df}:\/x2+1
0

d
dx

http://www.myteacherpages.com/webpages/jsmoyer/ MR. JEREMY SMOYER



ADVANCED PLACEMENT CALCULUS AB
Example

Find the derivative of F(x) = J cos(f)df.

jzcos(f)df:sm(f)};z

-Now differentiating this we get

dix[sin(f)— 1}

-cas)ov]

Using this result we can generalize the 2™ Fundamental Theorem to be:

d%uf(f)df]:f(u)

Find the derivative of F(X) = szcos(f) dt.

To evaluate when the bounds of integration are both functions, use some

integral properties to rewrite.
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ADVANCED PLACEMENT CALCULUS AB

2

cos(t) dt = jcos(f) dt + Zcos(r) dt

x — %,

= —jcos(f) dt + szcos(f) dt
0 0

= —cos(x)+2xcos(x2)+c

Average Value of a Function

If fis integrable on the closed interval [a,b} , then the average value of f

on the interval is

Example

Find the average value of f(x) = 3x? - 2x on the interval [1,4]

biajf(x)dxzjj(3x2—2x)dx
Aoe]

ir 48
:5_64—16—(1—1)]:?:16
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